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PROBABILISTIC ANALYSIS OF TWO-DISSIMILAR
UNIT WARM STANDBY REDUNDANT SYSTEM
WITH IMPERFECT SWITCH

Entesar Al- Esayeh

Higher Institute Of Sciences And Technology-Azizia
intesaralsayah2@gmail.com

Abstract: Problem statement: This study presents the
statistical analysis of a two-dissimilar unit warm standby
redundant system with two modes (normal and total failure) and
imperfect switching device has been studied. Failure, repair of
units and repair of a switch time distributions are stochastically
independent random variables each having an arbitrary
distribution. The system is analyzed by the semi-Markov process
technique. Some reliability measures of interest to system
designers as well as operations managers have been obtained.
Explicit expressions for the Laplace-Stieltjes transforms of the
distribution function of the first passage time, mean time to
system failure, steady state availability and the busy period
analysis of the system are obtained. Certain important results
have been derived as particular cases.

INTRODUCTION AND DESCRIPTION OF THE

SYSTEM

Many authors [1, 2, and 5] have studied the two-unit warm
standby system operating under different model formulations by
using the theory of semi-Markov process, regenerative process
and Markov renewal process. They obtained the mean time to
system failure, the pointwise availability and the steady state
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availability of the system using the theory of regenerative
process.

The purpose of the present chapter is to investigate a two-
dissimilar-unit warm standby system where each unit works in
two different modes normal and total failure. The failure, the
repair of units and the repair of a switch time distributions are
assumed to different arbitrary distributed, the probability that the
switch works at the time of reed isq=(1-p). Repair of a total

failure unit, failed from operative or standby state continues
when the other unit enters the total failure mode, when an
operative unit fails, switch is used to disconnect the failed unit
and connect the standby unit if it is operative. A single repair
facility is available, priority for repair being given to transfer
switch, after repair of a unit or the switch works like a new one,
repair time distribution of a unit failed from the standby state is
different from that of the unit failed from operative state. Switch
failure occurs in a non-regenerative state, for the first time. Using
the semi-Markov process technique and the results of the
regenerative process, various measures of the system effectives
as mean time to system failure, pointwise availability, steady
state availability and busy period analysis are found out. The
results by [6] are derived from the present results as a special
case.

The following systems characteristics are studied:-
I. Mean time to system failure.

Il Pointwise availability of the system at time t and
steady state availability.

Ii.  Busy period analysis of the system.
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v.

Profit analysis of the system.

The following assumptions are adopted for the system:-

1.

The system consists of two-dissimilar units in warm
standby configuration, so that a unit can fail during its
standby state,

Each unit has two modes normal and total failure,

Failure of units, repair of units and repair of a switch times
are stochastically independent random variables each
having an arbitrary distribution,

The probability that the switch works at the time of need is
p = (1_ q) y

A single repair facility is available. Priority for repair
being given to transfer switch. After repair of a unit or the
switch works like a new one,

Repair of a total failure unit, failed from operative or
standby state continues when the other unit enters the total
failure mode from the normal mode,

When an operative unit fails, switch is used to disconnect
the failed unit and connect the standby unit(if it is
operative),

Switch failure occurs in a non-regenerative state, for the
first time,

Repair time distribution of a unit failed from the standby
state is different from that of the unit failed from operative
state.
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NOTATIONS AND STATES OF THE SYSTEM

E, State of the system at time pointt =0,
set of regenerative states;
E {8,,5,5,,,.5,. 55,555, ],
E set of non-regenerative states; {S;,S,,S,,S,},

pdf and cdf of failure time of the ith operative
fi(t), F(t) unit from

normal mode to total failure mode; i=1,2,
pdf and cdf of failure time of the ith standby
L(t), L(t) unit from
normal mode to total failure mode; i=1,2,
pdf and cdf of time to repair for the it unit
g; (t), Gi(t) failed while
operative; i=1,2,

pdf and cdf of time to repair for a unit failed

h(t), H(t) while in
standby; i=1,2,
Bi(t), Ji(t) pdf and cdf of time to repair for the switch,

pdf and cdf of first passage time from
g; (1), Q; (1) regenerative state

| to a regenerative state j or to a failed state |
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without
visiting any other regenerative state in (0,t];
i,je E,
pdf and cdf of first passage time from
regenerative state

(1), Qi (t) i to a regenerative state j or to failed state j
visiting state

k only oncein (0,t]; i,je E;ke E,

pdf and cdf of first passage time from
regenerative state

gl (1), Q¥ (1) i to a regenerative state j or failed state j
visiting states

k and h in (0,t] respectively; i, je E;hke E,
one step transition probability from state i to
P, state
jiije E,
probability that the system in state i goes to
(9 state |

1

passing through state k; i,je E;ke E

probability that the system in state i goes to
plem state |

passing through states k,h; i, je E;h,ke E

cdf of first passage time from regenerative
state i

7 (t)
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to a failed state,

probability that the system is in up state at
instant t given

A(t) that the system started from regenerative state i
at time

t=0,

probability that the system, having started from
state i

M (1) IS up at time t without making any transition
into any

other regenerative state,

probability that the repairman is busy at time t
given
that the system entered regenerative state i at
time t=0,
expected number of visits by the repairman
V; (t) given that the
system started from

contribution mean sojourn time in state | when

m transition

is to state j is -Q, (0)=q; (0),
Mean sojourn time in state i

Hi (t) k
H; =%|:ﬂij +%ﬂi(j )]
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symbol for Laplace-Stieltjes transform, e.g.
F(s)= je_StdF (1),
symbol for Laplace transform, e.g.
£*(s)= e St oyt

symbol for Stieltjes convolution, e.g.

(s) A(t)(s)B(t)zzj)B(t—U)dA(“) ,

symbol for ordinary convolution, e.g.

© t
a(t) © b(t) =([)a(u)b(t —u)du,

For simplicity, whenever integration limits are they(0,), are not
written.,
STOCHASTIC BEHAVIOR OF THE SYSTEM

States and possible transitions between them are shown in
Figure (1).

»

., N\ .,
> »

\ 4

»
—>
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OUp state

[1 :Down state : Regeneration point.

Figure 1: State transition diagram

The system can take one of the following states:-

1.

Sy (No1.Nsg2) The first unit is operative
in normal mode and the second unit is
standby in normal mode.

S, (Ns1.No2): The first unit is standby in
normal mode and the second unit is
operative in normal mode.

S,(ForuNoz):  The first unit is operative

in total failure mode and under repair and
the second unit is operative in normal
mode.

S;(NowForz):  The first unit is operative

in normal mode and the second unit is
operative in total failure mode and under
repair.

S,(NowFsr2):  The first unit is operative

in normal mode and the second unit is
standby in total failure mode and under
repair.

Ss(FsriNoz):  The first unit is standby in

total failure mode and under repair  and
under repair and the second unit is
operative in normal mode.
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10.

11.

Sq(Fow1.Ns2.Sr):  The first unit s

operative in total failure mode and
waiting for repair, the second unit is
standby in normal mode and switching
device is under repair.

S, (Ns1.Fow2.Sr): The first unit is standby

in normal mode, second unit is operative
in total failure mode and waiting for
repair and switching device is under
repair.

Sg (Fort.Fow?) - The first unit is

operative in total failure mode, with
repair continued from earlier state and
the second unit is operative in total
failure mode and waiting for repair.

Sy (Fow1.Forz): The first unit is operative in total failure

mode and waiting for repair and the
second unit is operative in total failure
mode, with repair continued from earlier
state.

S, (Fow1.Fsrz): The first unit is operative

in total failure mode and waiting for repair
and the second unit is standby in total
failure mode, with repair continued from
earlier state.
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12.

I:ORi

SRi

owi

S, (Fsri.Now2) = The first unit is operative

in total failure mode, with repair continued
from earlier state and the second unit is
operative in total failure mode and waiting
for repair.

the it unit is operative in normal mode; i=1,2,
the it unit is standby in normal mode; i=1,2,

the itMunit is operative in total failure mode and under
repair; i=12,

the itMunit is standby in total failure mode and under
repair; i=12,

the itMunit is operative in total failure mode , with
repair continued from earlier state; i=1,2,

the itMunit is standby in total failure mode , with repair
continued from earlier state; i=1,2,

the iMunit is operative in total failure mode and
waiting for repair; i=1,2,

switching device is under repair.

TRANSITION PROBABILITIES AND MEAN
SOJOURN TIMES
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It can be observed that the time points of entry into S, e E

are regenerative points so these states are regenerative. Let
T,(=0),T,,T,,..denote the time points at which the system enters

any state S, e E and X, denotes the state visited at the time point
then{Xx,,T,}is a Makov-
T, <
t/ X, =i]is a semi-Markov kernel over E. The stochastic matrix of
the embedded Markov chain is P=(PR,)=(Q;())=Q(~)and the
nonzero elements P, are

I.e.T,,,, just after the transition at T

n+l?

renewal process with state space E and Q, = p[X

n+l — J n+1

P = P[ L () Ry (1) , P=[RDAL()
F&—QI (t) dF, (1) : Re=Pp[L(t) dR,(t) |

IF (t) du (t) : R, =a[L(t) dR, (1)

= | R.(t) G, (1) : Ps = pJGy(t) dF,(t)
RS = p[F,(t) dG, (1) : Py =q[F,(t) dG, (1) ,
P, =[F(t) dG, (t) : Po=p[G,(t) dR(t) |,
RS = p[ R (t) dG, (1) , P =q[F(t) dG, (t) ,
Po=[F(t) dH, (1) , Puo=[F, (1) R (1)

“pR(MaH, () P = [ Ry (1) dH, 1) |
Py =R (t) dH, (t) : Ru=[H.(t) R (1)
PSY = p[ R (t) dH, (t) , P =q[ R, (t) dH, (1)
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Raz = P73 =1

The mean sojourn times g in state S are

ﬂo=jﬁl<t>t2(t)dt , w=[ROLHd
=[G () Rt , N ACIACE I
= [ F(t) Hy ( , m=[F (1) A ()
Yo = 14, :jJ_(t)dt , t = [Gy(t) dt ,
t =[G, (t)dt : tho = [ H, (t) dt :

Hay =J‘|__|1 (t)dt

MEANTIME TO SYSTEM FAILURE
Time to system failure can be regarded as the first passage
to the failed states S, S,, S, Sy, S,y S;; Which are considered as

absorbing. By probabilistic arguments, the following recursive
relations for r, (t) are obtained.

=Qu, (1) () 7, +Qua (1) (8) 7, +Qus (1),
= Qi (1) (5) 7+ Qi () () 755 +Q (1),
=Qu (1) () 7+ Qus (1),
3 =Qu (1) (5) 7+ Qs (1),
Qo (1) (8) 75+ Q6 (1),
5=Qu (1) (8) 7 +Quu (1),
(1)
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Taking Laplace-Stieltjes transforms of equations (1) and solving

(Y94
S

for 7,(s) , dropping the argument “s” for brevity, we get

7T (S) = NO(S)/ Do(s) )
(2)

where,
Ny (5) = (1~ Q1sQs1 — Q1sQsz ) (Qos + Q2 Qs + Q2 Qa0
and
Dy (5) = (1~ Q1 Qs — Qs Qs: ) (1 - Qo0 Qo —Qn Qo ) -
The mean time to system failure with starting state S, is given

by
MTSF =Ny /Dy, (3)

where,

N = (4 + Poptty + P04“4)[1‘ AP~ F’15F’51}
+ (Pt + Ptts + Prstts ) 1= Pog = Poy (Poo + Pog ) = Poy (Pig + Pago ) |
and

P

31~ P

Do =(2-Pi3 P31~ Ris Pz ) (1 oz Poo ~Foa Pao )

AVAILABILITY ANALIYSIS
The following probabilistic argument

M, (1) =F (1) L (t) o M) =ROL() !

M, (1) =G, (t)F (t) , M, (1) =G, ()R (t) ,
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M, (t) =R () H (1) : Mg (1) = F; (t) Hy (1)

Can be used in the theory of regenerative process, in order to
find the pointwise availabilities A (t) are seen to satisfy the
following recursive relations:-

A, (1)=M, (1) +0,, (1)© A, (1) + 0y, (1) ©OA, (1) + 0y (1) ©A4 (1)

(4)
After using Laplace-stieltjes transforms for equations (4) and
solving for A;(s)it can be easily seen that. The steady state
availability of the system is
N, (0)
D; (0)

()

A =lims,(5) =
where,

N, (O) = (;Uo +/14Po4)[(1_ PuRs —Rsku - Pu(Ry + Pls(PSlsl"' P5171))
~(1-PPu) (e + P2 ) (PE + P )| (4t + Pt ) [P (P + P
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(Poz + Pos + I304 (|:>4120 + P4160 ))} T, [(1_ P31P13 - PlS Ps1 -

(P + P (P + PY)) (P + P + P (P + PY)) | s (P + P
(1_ Pis I:)51) (Poz + P + P (P4120 + P4160)):| 1

Dll(o) = [on/uo + 4, ( Poz + Fos + PO4(P4120 + P4160 ))] (1_ PP — PP —
P31(Pl7 + PlS (F)slal + P5171))))+[MP31 +/“3] (1_ on (Poz - Poe) _Po4 (P4o + on

(P4120 + P4160 )>)+ Hy [P04 {(1_ I313,':)31 - P15P51 _P31
(P17 + Pls (P5131+ I:35171))) _(1_ P15 P51)(sts + I:)287) (P392 + P?Z)}}

+ 15 [P (1o (oo = Po) = P (Pro + Po (P +P27))
(1P auPio) (5 + P ) (P5 + P8 )} |+ 4t [Poo (P + P )
(1= PP = PPy = P (Ry + By (R + BY)) )+ P (1-P Py
(1-P 5P (PE+P5) |+ 24, [P (Ry + PsPy)

(1P (R = Ras) ~ s (P + Py (P + PY)))

+P) (Pa+Ps) (=P oPy) (1-PPy) |-

BUSY PERIOD ANALYSIS
By probabilistic arguments we have:

V2 (t)=G(1)R (1) , Vs() =G, (t)R(t),

(1),

<
—~~
—
~
I
-
~~
—
~
I
N
—~~
—
~
<
~~
—
~
|
ol
~~
—
~
I
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For busy period analysis, let B (t)be the probability that the

operative unit is under repair at time t given that the system
entered regenerative state S, att=0.From previous probabilistic

argument, the following relations for B, (t) are given.
B, (t)=0, (1)© B, (t)+0y, (1) OB, (t)+ 04 (1) OB, (1) ,

3 () +0s (t )©B (t)+a,(t)oB (t)’

B, (1)=V; (t)

B, (1) =V (1) +05, (1) © B, (1) + 4! (1) ©B, (1) + aig! (1) @B (t),

B, (1)=V, (1) +0 (1) © By (1) + " (1) @B, (1) + ol (1) OB, (1)
B5 (1) =Vs (1) +0s, () © B, (1) + 6y (1) OB, (1) +05;” (1) ©B, (1)
Bs ()=V, (1)+0,, () © B, (1),

B, (1)=V, (t)+0,; (t)© B,(t),

(6)
After using Laplace-stieltjes transforms for equations (6) and
solving for B, (s). In steady state the total fraction of time which

the system is under repair is given by:

B, (s)=1imsB, (s)= N3—(O) (7)

s—0 DZ' (O)
where,
N; (0) = 4, [ (1= PPy = PPy = Pu(Py + Rs (P + )

(Poz + P + P (F>4l.20 + P4160 ))} i [( Pzi + P287) (1_ P s I:)51)
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(Pro+Poo +Poa (P + PY)) |+ 1tPos (1 PPy —RiP, -
Pu(Py +Ps (RS + P )) —(1-RsRy ) (P + P2 ) (PR + P ) |+
Rotts [Py (PS +P2) (P + Py + Py, (P2 + Pjé’)ﬂ +

e (Pos + PouPig ) (1= PPy — PPy = Py (B + P (P + P2

_R’sgz (1_ P15P51)(P2% + I:)287 ))+ Ps% (Poz + P04P4120)(1_ P15P51)(P283 + P287 )]
Ty [( Pz + Fos + P (P4120 + P4l60 )) {P31P283 ( R, +Fs P5171) + P287

(1_ PuRs — Pk — I:)31F)15 Pslsl)}] .

PROFIT ANALYSIS
At steady state the net expected gain per unit of time is:

G =1imG(t)/t=C,A —C,B,, (8)

t—o

where,
C, . IS revenue per unit uptime by the system.

C,: 1S per unit repair cost.

GRAPHICAL REPRESENTAION OF THE

SYSTEM

Setting «,=0.2,7,=0.01, ,=0.03 ,6,=0.03, 4,

p, =004 ,4,=001, =004, p=05,q=05andC, =300, C,=10
.in equations (5 ),(6 ),(7)and( 8 )we get Table 1.

=0.02 ,
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Table 1
o, MTSF Availability Busy period Profit
0.02 71.667 0.96534 0.9189 280.411
0.03 53.892 0.7938 0.8060 230.093
0.04 44.819 0.70666 0.7558 204.437
0.05 39.145 0.6528 0.7286 188.558
0.06 35.199 0.6159 0.7124 177.65
0.07 32.273 0.5889 0.7021 169.649
0.08 30.004 0.5682 0.6953 163.506
0.09 28.188 0.5518 0.6908 158.63
0.1 26.698 0.5384 0.6876 154.658
0.11 25.453 0.5274 0.6855 151.357
0.12 24.395 0.5180 0.6840 148.566
0.13 23.484 0.5100 0.6830 146.175
0.14 22.692 0.5030 0.6824 144.102
0.15 21.997 0.4970 0.6821 142.287

Table 1: Relation Between ¢, and the MTSF, Availability, Busy period and
Profit

MTSF

801
701
60 1
501
401
30+
20+
10+

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.110.12 0.13 0.14 0.15

Figure 2: represent relation between «, and MTSF.
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Availability

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.110.12 0.13 0.14 0.15

Figure 3: represent relation between «, and Availability.

Busy period

0.9
0.8
0.7
0.6
0.5
04
0.3
0.2
0.1

0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

0.1
0.11
0.12
0.13
0.14
0.15

Figure 4: represent relation between «, and busy period.
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Profit
300
250
200
150
100

50

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.110.12 0.13 0.14 0.15

Figure 5: represent relation between ¢, and Profit

CONCLUSION

For a more concrete study of mean time to system failure,
availability ,busy period and profit .we plot these characteristics
w.r.t. o, (constant failure rate of the operative from the normal

mode to the total failure mode), «,=02,y, =0.01, ,=0.03 ,

6,=0.03, 6,=0.02 , 4 =0.04,
p, =001, 5=0.04, p=05,q=05. The curves and table so

obtained are shown in figs. (2-5).and table 1.From these figures
and table it is observed that.

1. The increase of failure rate «, at constant the MTSF of the
system is decrease.

2. The increase of failure rate ¢, at constant the steady-state
availability of the system is decrease.
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3. The increase of failure rate ¢, at constant the steady-state
busy period of the system is decrease.

4. The increase of failure rate «, at constant the profit of the
system is decrease.
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