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Abstract :

This paper provides a precise parametric classificeof both left
and right semicontinous T-norms along with the dpson of some
features of T-norms without continuity assumptions.
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1- Introduction :

In fuzzy logics, T-norm means a binary operatibn[0;1]? —
[0; 1] satisfying the following axioms.

(TOT(y;x) =T(x;y) <T(x;y) forany0 <x <x and0 <y

<1

(T2)T(x;T(y;2)) =T(T(x;¥);2) forany0 <x;y;z <1
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(T3)T(0;x) =0and T(1;x) = x forany0 <x <1
Most author$*® include also the continuity of T into the definiti and
actually there is a complete classification for ¢cbatinuous T-norms.

This paper focuses on the case of non-continousriiig In another
terminology, (T1), (T2), (T3) mean that the algebratructureT =

([0; 1] T 2) with the binary operation.

XTy =T0;y)xy € [0;1]
Is an ordered Abelian semigroup on [0;1] with neuglement 1 and sink
0. Also, in accordance with the usual terminologg,say that the T-nor'En

is strict if  (T4) Tf;;y)< T(x,;y) whenevel < x; < x, < 1and0<
y<1
In the sequel we shall fix an arbitrary T-ndrrand we shall write

simply xy instead okTy without danger of confusion with the notation of

the usual numerical product of real numbers (way appear only as a
simple special case of continuous T-norm). thus,this terminology
axioms (T1)... (T4) mean simply
(TDxy =yx, (T2)x (yz) = (xy)z,(T3)0x =0 < 1x = x, (T4)x,y
<2y (% <xzy #0)

We shall also use the customary notatigrfca the n-thT-power a =

a..a Which is well — defined by the associativity)T
n terms
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Main Results:
1.1. Definition: The binary relations< on the interval [0;1] is introduce
as follows :
a <b & infya™ <inf,b"; a~b:<=a<b<a
1.2. Lemma. (1) the relatior is a linear ordering with & b for a< b.
In particular;- is an equivalence relation whose equivalence etasse
subintervals of [0,1].
(2) for any powr N we havé'aa.
(3) We have ab ~ mi{, b}
Proof: As a consequence of axioms (T1) + (T3) theears
TWx)=x" ®m=12..)
are increasing function [0, [0,1] with TW >T7® >T76G) > ...
Therefore their limitT () is a well-defined with
T (x) = inf,x™ (0 <x <1)
By definition, we have & b iff T(®)(a) < T()(b). Since the limit of
increasing function is increasing.statement (Inisediate.
(2) We havel ) (aV) = lim,a"" = lim,a™ = T (a).
(3) We may assume < b without loss of generality. Thea? < ab <
al = a . Sincea~a? by (2), and since the equivalence classes of ~ are
intervals by (1), we conclude& ~ab~a = min{a,b}.
Henceforth we introduce the notations

T := {I: x€ A} = {{xix~a}la€[0,1]}
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for the family of all equivalence classes of thiatten ~. We know already
that T is a set of pairwise disjoint intervals formingparrtions of [0,1]
such thatl, < Iz and I, < Iz (i.e.a<b for all couples(a,b) € I X Ig)
whenevera < b for somea € I, andb € Iz. We shall say simply that the

point e € [0,1] is an idempotent if it is idempotent with respéztthe

productT:, that ise? = e7:e =T(e,e) =e.

1.3. Corallary: (1) If the equivalence cladg is a left-closed interval then

its initial point e :=minl, is an idempotent.

(2) If I, is a non-degenrate right-closed interval then its endpoint f :=
max I, is no idempotent, moreover f > f% > f3 > ... > inf I.
(3) If I is anon-degenerate right- open interval then f := sup I, is

an idempotent.

(4) if I, < Iy, < -+ isanincreasing sequence in ¥ then the point g
:=sup(U,, I,,) is an idempotent.

Proof: (1) Assume | = §: x~e} withe=minI(€ I). Thene = TM(e) >
T@(e) = e?. By Lemma 1.2(2) we hawe® ~ e and hence? € I with
e? >e=minl.

However, ingenerad = T (e) > T@(e) = e2.

(2) Assume I = {x : x ~ e} with f = max/ (€ I). Given any element
x € I, by definition we have ~ e with inf,x™ = T()(x) = T (e). It
follows
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inf{x: x~f} = infl = T (f)

Hence the case f 2 is impossible because this would imply in T () (f)

= f contradicting the non-degeneracylofThus necessarilyf = 1f > f* =
1> 2> - T)(f) = infl.

(3)Assume | = £: x~e) with sup | = ¢ I). By lemma 1.2(3), the contrary
f2<f would imply the contraction ffvith f € I.

(4)Assume the contrary that let g > §hen g< l..< g for some inden.
However, by Lemma 1.2(1)+(2), then we would hade~-g« ~ g for all

x € I, entailing the contradictiofy,, > g € I,,.

1.4. Lemma. Let P: [0,1]> [0,1] be an increasing backward projection
(that is p(y)< P(x) = P(P(x))< x whenever & y < x < 1) onto the se®.
Then the complement [0,19) is the union of a family of pairwise disjoint
left-open intervals and

P(x) = max(QN[0,x]) (x€[0,1])
Proof: It suffices to see only that given any pamné€ [0,1]/Q with P(x)<
X, every pointy from the left-open intervaPR(x),¥q is mapped intd®(x) by
P. letP(z) <y < zby assumptionP is an increasing mapping with=P o
P. Hence the conclusidR(x) = P*(x) < P(y) < P(x) entailing P(y) = P(X) is

immediate.m
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1.5. Lemma. Given a T-idempotent e Z< 1, with its multiplication range
Qe.= {ex: xe [0,1]} we have

ex = max 40,x]) (0<x<1)
Also e = maxQ2. and[0,1]\ Q¢ is the union of a family of pairwise disjoint
left-open intervals.
Proof. According to (T1)+(T2), the mapping.(x) :=ex is an increasing
backward projection of [0,1] ont®.. indeed,ey < ex = (ee)x = e(ex)
whenever0 <y < x <1. Sincew = Pe(wx Pe(1) = e< Q,, necessarg =

maxQ. The remaining statements are immediate from Lemvhaml

1.6 Lemma. The set E = {idempotents} is left-closed thatEiss e, 7
e—= e €E.
Proof. Assume B e, 7 e.Then we have > e? > e2 = e, / e entailing

e=e’€cE. m

1.7. Proposition: Let T be a strict T- norm. Then

(1) the only idempotents are 0 and 1.

(2) We have {1} = {x: x~1} and either | = {|0,1|1]}, or the interval {x:
x~0} is closed with max {x: x~0} < 1 and each imarl, € I with 0,141,
IS non-degenrerate, open from left and closed fingyimt.

(3) there is no infinite strictly increasing sequeli,, < I, < --- with sup

(Up ) <1inl
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Pr oof:

(1) Assumee € (0,1) would be an idempotent. Then, by Lemma 1.5, we
would haveex = e for all e < x< 1 contradicting the strictness of T.

(2) is immediate from statement (1) and Corollary 1)-3(3).

(3) is immediate from from statement (1) and Corolla3(4).m

1.8.Corotlary. Let T be a strict T-norm. Then there are two poksés
concerning the order structure of the family | qliszalence classes:

(1) 1={[0, 1), {1} };

2- {x: x~0} = [O,w] with 0 < w < 1 and the intervalw, 1) can be
decomposed to a sequence of intervalg |, (w1, W,..., with wy = w
and w7 1 (n>x) and each intervals (Ww.1) is covered by the disjoint
union of a (necessarily countable) subfanfily: « € A,,} of | being well-
ordered by the relation <. Here order- consecutivervals are joined at
common endpoints.

Recall that a functiong: [0,1]Y - [0,1] is said to be right [left]

semiccontinu-ous i) (x<” ....,x{?) - o(x @, ..., x®) wheneverr{¥ N

xB . xN x® [resxP 72 x®, . xM 72 x®). 1t is that if @ is increasing then
the right [left] semi-continuity  of  all the sectisn
x - 0(aq, ..., ak_1, X, Ay 41, --- -, ay) implies the right [left] semicontinuity
of @.
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1.9. Lemma: If N > 1 and T is right semicontinous (in particular if T is

right semicontinous) then all the intervdlse I are closed from left.

Proof. Assume T to be right semicontinuous and le€ I € T. Define
e= inf | and consider the sequeng®, x™, x*N,..., By definition x" \
T()(x) = e The right semicontinuity of™ entailsx™ = T(x) N TM(e)
= d'. However, sincéx™)*_, is a subsequence ¢f™)_,, we havee =
lim, x™ = lim, x™" = eV. sincee> € >..>€" it follows & = e and hence

e €I by Corollary 1.4. m

1.10. Corollary. If T is a right semicontinuous strict T-norm thafr
{I0,1), {1}}.

Proof. Immediate from Proposition 1.6 and Lemma 7.

** Remark. Assuming the operation T to be continyous can conclude
the following .

(1) The powersT™ (n = 1,2, ...) are continuous increasing functions and
hence their infimunT™ is left semicontinuous and increasing.

(2) From (1) it readily follows that the intervdls are closed from left with
idempotent initial point.

(3) It is well-known that the idempotents of a ¢onbus T-norm form a
closed subset of [0,1] whose complement is theruafa countable family
of pairwise disjoint open intervals. Hence one daduce that the intervals

lo. are either closed from the left and open fromtrighconsist of a single
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point which is necessarily an idempotent. The obftcontinuity of

are exactly the idempotents of a continuous T-norm.

2- Structure Of A EquivalenceIntervals:

Henceforth let S:= (f,4d,., >) be an ordered Abelian semigroup on the real
intervals [w,a] such that :

(S1)xy1 < Xy, whenever y; <y,.

(S2)a>a>a* ....and &\ w(n— o)

Since, by (S2), w.d is the disjoint union of the interval(*, d]
(n=1,2,...),for any elemenb € (w, a] and for any indek=1,2 ... we can
define

n,(b) = [n: a™* < b¥ < a™]

2.1. Lemma. Given anyb € (w,a], the intervals[n(b)/k, (n(b)+1)/K],
k=1,2,.. have a uniqgue common point.

Proof. Since for the lengths we haven{p)/k, (n(b)+1)k]| = 1/k—0
(k—), at most one common point may exists. To estahissexistence,
according to Helly’'s theorem. It suffices to seattleach pair of them
admits a non-empty intersection, that is

(2.2) n(b)/k < (n;(b)+1)/2 forallk,¢=1,2,....
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Consider any couple of incid&s: e. by definition,a™®*<b* < gk gnd

hence by (S1), alsa?™®*D) < pkt < gfnk O Gimilarly g*®¢®)+1) < pk

<a*™®) |t follows ake®+1) < pké < gtnk®) gnd hence by (S2) we

conclude kf,(b)+1>¢n,(b) which is equivalent to (2.2m

2.3. Definition. Henceforth we write

L(b) = [the unique of Ny-1[nk(b)/k, (n(b) +1)/k]] for any

b€ (w,al

Furthermored:= L((w,a]) shall denote the range of the function

2.4. Remarks: ()n,(b) € [[kL(b)] = 1,[kL(b)] + 1] for all k =

1,2,..and b € (w, al]. :

(2)Ifb € (a™*?1,a™)then L(b) € [n,n + 1].In particular L(a™)
=nMn=12..)

(3) the mapping L is decreasing trivially, but no¢cessarily strictly

decreasing

Example:S := ((—,1],.,=) with xy := [x] + [y]and L(b) = |b]

2.5. Lemma. We havd.(bc) =L(b) + L(c) for all b,ce (w,a.

Proof. According to Remark 2.4(1)L(bc) = limy_ ni(bc)/k. By
definition, a™®) > pk > g™+l gnd ™) > ck > g+, Hence
aB)+(©) > (po)k > g+ m()+2 By the definition of the value

(bc) and axiom (S2) it follows(b) + n(c) — 1 < nybc) < n(c) + 3.

"x] = inf{n integer : x < n} standing for the upper entier part function.
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Therefore L(b) + L(c) =limy_e(ny(b) + ny(c))/k = limy_,o ny(bc)/
k = L(bc). m

2.6. Corollary :

(1) The ranget of L is a subsemigroup @f1,),+).

(2) In particular A is countable under the hypothesis that L is nottst
decreasing and (S)Ixy:< xy, whenevely;< y..

(3) A is Lebesgue — measurable. If it has positive Ledbsgeasure, for

some n we haya, «) [J A.

Proof.

(1) Is immediate from Lemma 2.5.

(2) The inverse Image™{& = {b: L(b) =€), £0 A are pairwise disjoint
intervals since the functioh is decreasing. IL is not strictly decreasing,
some interval{&g} has positive length. By 1.5 we hal& {&, +n} 0 L
YE} + L'Y{n} and LY{&x+n} is also a non-degenerate interval for ayiy
A if (S1) holds. Since there may only be countably manywisé disjoint
non-degenerate real intervals, we conclude (2).

(3) It is well-known that the rnage of a decreasing feaction is a Borel
set (actually a sequence of points added to amvaiteninus a countable
union of intervals). In particulan = range ) is Borel measurable.
Suppose mesd) > 0 (mes denoting Lebsegue measure) then almesy e

point of A is Lebsegue point. In parituclar , mgbn [, 8] > (8 —a)/2
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for some Kx< f. Recall that given any s@tof real numbers with density
> 1/2, the sum + Q = {w; + w,: wq, w,€ Q} contains an interval with
positive length. Hence we conclude thal o A+ A > (AN[x, B]) +
(AN[x, B]) contains some intervadlof lengths > 0. It is immediate that
AD A+ -+ A with [1/§] terms contains the intervAk= I + --- + I with
length >1. According to Remark 2.4(2), we have {1,2c A. It follows
AD Uy ok +] > |[[inf]],). =

2.7 Lemma. (1) If the underlying product is left semtcwious|i.e.x;y 7
xy whenever x; 7 x| then its logarithm L is also left semicontinuous.
(2) If the product is right semicontinuous then L ghtisemicontinuous.
Proof: Assume the product is left semicontinuous. It &lunown that

then we have everyy; /7 xy whenever x; 7 x and y; 7 y.

(Indeed, given any € > 0, there exists jo with xy = xy;, = xy — €/2.
Also there existsj; = j, with xy;, = xj1y;, = xyj, — €/2 and hence
Xy = Xj1Yjo = xy — €. Given any couple x; / x resp.y; /' y of sequences,
for any i = j; wehave xy = x;y; = xj1xjo = xy — ¢€). In particular the
powersb - b¥(k = 1,2,...) are left semicontinuous. It follows that, for
any fixedk, the step functioh — n, (b) is left semicontinuous. Prrof : Fix

k arbitrarily. Since the poweb — b* is increasing, the functiom,

"Proof. We may assume

Q 2 [, B]\ Uzl where I, 1, ...are pairwise disjoint open intervals with Y-, mes (I;,) =
(B—x)(1/2 — ¢) for some &€ > 0. The vertical resp.

Horizontal stripes I, X [, f]and [, B8] X I, k = 1,2, ... cut most 2(1/2-€)v/2(8—) length from the
diagonal segments D,, := {(w;.w,): X < wy, w, < B, w; + w, = p} which have length >V2( f—c —¢)
wheneverp € (x +f8 —&,x +f + €).Therefore Q + A > (x + — &, x +f + ¢€).
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(.)decreases.Consider a sequeiee b > w.Since w < inf; b; < a, the
decreasing sequence{(b;):i = 1,2, ...} is bounded. Since (.)

Assumes integer values, there is

io with ny,(b;) = N := lim; ny(b;) for i = i,. Then aV*! = g™®D-1 <

b¥ < a™®) = gN forany i > i,_It follows a¥** > b > a" which means
thatn, (b) = N i.e.n,(b;) 7 N = n,(b). On the other hand the sequence
n, () /k(k = 1,2, ...) converges uniformly ta (.) (actuallysup, |L(b) —
n,(b)/k| < 1/k forall k). Hence we deduce that left semicontinuity of L,
because, in general, the uniform limit econtyinuous functions is
continuous for any topologyThus,in particular L is left
semicontinuous.The proof

of (2) is analogous with the step functighgb) := [n:a™ < b* < a™1]

in place ofn, (.). m

2.8 Lemma. For anyc € (w, a], the functions ni,(b) == [n: c"*! <

b* < c™]and L°(b) =

limyny,(b)/k are well — defined, moreover we have L¢ =

L (¢)™! L in terms of the logarithm function defined in 1.3.

Proof. S = ((w,c],..>) is an orderd subsemigroup of S = ((w,a),.Hence
we can apply the previous arguments with c in plaica to establish that
all the function f along with [ are well-defined and decreasing. By
definition we have §"®*<pb*<c",*® whence

(n(b) + 1) L(c) = L(E®™) > L(b) = kL(b) > L("®) = n(b) L(c).
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Since L(b) = limn&(b)/k, we get E(b) L(c) > L(b)> L(b) L(c). m
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