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Abstract: 
The purpose of this study is to learn more about the methods for solving 

polynomial equations, and to describe some interesting stories about Arab and 

Western scholars’ efforts to find a general formula to solve cubic, quartic, and 

quintic equation. In fact this interesting history is unknown to many teachers, 

students and also university professors in Libya. In addition we explain some 

topics which are related with polynomial equations, and we give a short overview 

of modern research related to polynomial equations. 

 

1. Introduction: 
There are several reasons why solving cubic and quartic equation was 

important in the history of mathematics. For instance mathematicians took both 



Polynomial Equations from Ancient to Modern Times – a Review ـــــــــــــــــــــــ  

 

University Bulletin – ISSUE No.16- Vol. (2) April  - 2014. - 90 - 
 
 
 
 
 
 
 
 
 

 

complex numbers and negative numbers more seriously because of their 

importance in solving cubic and quartic equations. 

Another important reason is that it has led to a new study, and 

development of theory of equations, culminating in the 19th century with the proof 

of unsolvability of the quintic equations by a number of mathematicians.  

But very little is known in Libya about this history. Because of that I had 

chosen this topic; also discussing such topics in class can make students eager to 

study it and love mathematics with passion. 

There is no doubt that this is a very exciting topic; the history of cubic and 

quartic equations can be an excellent introduction for students to a lot of areas of 

mathematics such as: algebra, geometric constructions, number theory, numerical 

analysis, group theory, complex number theory. 

Arabic mathematics has been also involved in solving polynomial 

equations, as we shall see in this paper (namely in cubic and quartic equations).  

In the finale of this paper we explain how some constructions are related 

with polynomial equations. Also, we will give an overview of modern research. 
 

2. Background information and definition: 
Before we begin to talk about the subject of the paper it is necessary to 

review definition of polynomial, cubic equation, quartic equation and quintic 

equation. 

2-1 The general form of algebraic equation is ݂(ݔ) = 0  where   

(ݔ)݂  = ܽ௡ݔ௡ + ܽ௡ିଵݔ௡ିଵ + ⋯ + ܽଵݔ + ܽ଴  → (1), 

is a polynomial function of degree  ݊ , n is a positive integer,ܽ௡ , ܽ௡ିଵ , … ܽ଴  are 

numbers called coefficients. 

2-2 Complex numbers (ℂ): A complex number is a number that can be expressed 

in the form  ݖ = ܽ + ܾ݅ where ܽ and ܾ are real numbers and ݅ is the imaginary 

unit, satisfying  ݅ଶ = 1. 
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 The conjugate of a complex number ܽ + ܾ݅ is the complex number  ܽ − ܾ݅. 

 

2-3 The Fundamental Theorem of Algebra (FTA): tells us that every polynomial 

equation of  n-th degree has at least one root in the set of complex numbers. 

It follows  ݂(ݔ) = ܽ௡ݔ + ܽ௡ିଵݔ + ⋯ + ܽଵݔ + ܽ଴  =  ∑ ܽ௜
௡
௜ୀ௢ ,௜ݔ (a୬ ≠ 0)  

We can write ݂(ݔ)  as:  

(ݔ)݂ = ܽ௡(ݔ − ݔ)(ଵߙ − (ଶߙ ⋯ ݔ) − (௡ߙ  = ܽ௡ ∏ ݔ) − ௜),      ௡ߙ
௜ୀଵ where the points 

௜ߙ  are real or complex roots of polynomial. 

 Sometimes in mathematics the solutions of any polynomial equation are 

called zeros. 

 Case ݊ = 3 (the polynomial is cubic, i.e. equation is of third degree). The 

general form of cubic equation is  ܽݔଷ + ଶݔܾ + ݔܿ + ݀ = 0 ⟶ (2), 

where ܽ ≠ 0, but any or all of ܾ, ܿ and  ݀ can be zero, and coefficients ܾ, ܿ 

and ݀ are real or complex numbers. 

 Case  ݊ = 4 (the polynomial is quartic, i.e. equation is of fourth degree). 

The general form of quartic equation is ܽݔସ + ଷݔܾ + ଶݔܿ + ݀ = 0 ⟶

(3), where  ܽ ≠ 0. 

 If ܾ and ݀ = ସݔܽ ) 0 + ଶݔܿ + ݁ = 0 ) this is equation also called 

biquadratic equation (special case of quartic equation).  

 Case  ݊ = 5 (the polynomial is quintic, i.e. equation is of fifth degree). 

The general form of quintic equation is 

ହݔܽ                                + ସݔܾ + ଷݔܿ + ଶݔ݀ + ݔ݁ + ݂ = 0 ⟶ (4), 

where ܽ ≠ 0 . 

 

2-4 Construction in Geometry means to draw shapes, angles or lines accurately 

using only straightedge and compass. 
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 A compass is a tool which can be used to draw circle through a given 

point, or arcs thereof whose radii are sufficiently small, and for measuring 

lengths. 

 A straightedge (unmarked ruler) is a tool that can be used to draw lines, or 

segments thereof. 

 

2-5 Regular polygons is a polygon in which all sides and angels are equal 

otherwise it is “irregular”. 

 

2-6 Fermat Primes: is a prime number of the form ܨ௠ = 2(ଶ೙) + 1  for  ݉ =

0,1,2, ⋯. The first five Fermat Primes are 3,5,17,257 and 65537. 

 

2-7 transcendental number is a number that cannot written as the root of a 

polynomial equation with integer coefficients. 

 

3. Historical background: 

3.1. Cubic Equation:  
 Cubic equation was known since the ancient times; even by the ancient 

Greeks and the ancient Babylonians, and also the ancient Egyptians, who dealt 

with the problem of doubling the cubic.  

In the 11th century, the famous mathematician Omar Khayyam discovered 

a geometrical method to solve cubic equation which could be used to get 

numerical answer by intersecting a parabola with a circle, and by using this 

method he found cubic equation can have more than one solution.  
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He could not find algebraic formula for the general cube but he could only 

solve cubic equation geometrically. He also invited other mathematician to look 

for algebraic formula for solving cubic equation. 

Before Omar Khayyam, in the 9th century Al-Mahan, after him Abu Jaffa 

Al-Kazan in the 10thcentury and after them Abu al-Jud ibn Laith in the 11th 

century solved cubic equation geometrically.  

Also there were other Arabic and Islamic mathematicians who wrote about 

solving cubic equation, such as Al-Amir Abu Mansur Nasr bin  ' Iraq and Al-

Hasan ibn Al-Haythem. 

In the 12th century, the mathematician Sharf Al-Din Al-Tusi continued the 

extensive work of Omar al–Kayyam on a formulaic solution of the cubic equation. 

He wrote an article about cubic equation entitled "Treatise on 

Equations", which dealt with eight types of cubic equation with nonnegative 

roots and five types of cubic equation which may have negative roots. The aim of 

      Figure1: Khayyam’s method to solve cubic equation on form  ܠ૜ + ܠ૛܉ =  Taken from [34] , ܊
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this article was the study of the curves by means of equations, which represents an 

essential contribution to algebra and anticipated analytic geometry centuries 

before Rene Decartes.  

Thanks in part to their work, Italian mathematicians found in the 16th 

century new formulas to solve the cubic and quartic equations. In the Renaissance 

Italy of the early 16th century Scipione dell Ferro was the first mathematician who 

found a general   formula for solving cubic equation of the form: 

ଷݔ    + ݔܽ = ݉ 

His work was never published because he did not want to share these 

secrets, but when he was near death he gave these secrets to his student Antonio 

Maria Fior. Because of that Fior started to boast that he was able to solve cubic 

equations by himself. So, in 1535 Fior participated on a contest with 

mathematician called Tartaglia, whose real name was Nicalo Fontana. Such 

contests were common in the Renaissance Italy. 

Fior posed the following thirty problems to Tartaglia (as he was more 

widely known), one of these problems was: 

"There was a tree of height of 12, which was broken in two parts at such a point 

that the height of the part which was left standing was the cube root of the length 

of the part that was cut a way. What was the height of the part that was left 

standing?"      

ଷݔ ] + ݔ = 12 ] 

Ten days before the contest Tartaglia found the method to solve two types 

of cubic equation. The first type was " the cubes and things together are equal to 

some numbers: " ݔଷ and  ݉ݔ  together are equal n " (in modern notation ݔଷ +

ݔ݉ = ݊), second type was  " the cubes and the squares equal to numbers : ݔଷ 

and  ݔ݌ଶ together are equal to ݍ " (in modern notation ݔଷ + ଶݔ݌ =  . (ݍ
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Tartaglia could solve the equation of the form ݔଷ + ݔ݉ = ݊ (the first 

type), and he could also solve the equation of the ݔଷ + ଶݔ݌ =  (the second type) ݍ

by transforming it to the first type but Fior could solve only the equation of the 

form ݔଷ + ݔ݉ = ݊  (the first type). 

Cardano took this knowledge from Tartaglia and promised that he would 

leave that as a secret but he published this knowledge in his Ars Magna 

(Latin:"The Great Art "). So, this knowledge is known today as Cardano’s 

formula. 

 

3.1.1. Tartaglia’s Solution to the Cubic Equation (as in the Ars Magna): 
The general cubic equation 

ଷݕ + ଶݕܣ + ݕܤ + ܥ = 0                                                                                  (1) 

Can be reduced to the simpler form 

 Xଷ + cX = d  (i.e.  without the square term)                                                  (2) 

by using substitution  ݕ = ܺ − ஺
ଷ
. So for solving any cubic equation, it suffices to 

solve ones of the form  ܺଷ + ܿܺ = ݀. Cardano describes the following method for 

solving equation (2) in the Ars Magna (The Great Art) 

1 – Find  ݑ  and  ݒ  so that 

(a)   ݑ − ݒ = ݀ 

(b)   ݒݑ = ቀ௖
ଷ
ቁ

ଷ
 

2 - The solution to the equations (a) and (a) for u and v are given by 

(a)  ݑ = ටቀௗ
ଶ

ቁ
ଶ

+ ቀ௖
ଷ
ቁ

ଷ
+ ௗ

ଶ

 
(b) ݒ = ටቀௗ

ଶ
ቁ

ଶ
+ ቀ௖

ଷ
ቁ

ଷ
− ௗ

ଶ
 

3 - The root to equation (2) is given by  

ܺ = యݑ√ − యݒ√  
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4 – The other two roots, that are not given in the Ars Magna, are: 

ܺ = − ଵ
ଶ

൫√ݑయ − యݒ√ ൯ ± √ିଷ
ଶ

൫√ݑయ + యݒ√ ൯. 

 

3.1.2. Example (from Cardano's Ars Magna): find the roots of   ܺଷ + 6ܺ = 20. 

Note that  ܿ = 6  and  ݀ = 20. 

For solving this equation set  

u = ටቀଶ଴
ଶ

ቁ
ଶ

+ ቀ଺
ଷ
ቁ

ଷ
+ ଶ଴

ଶ
   and    v = ටቀଶ଴

ଶ
ቁ

ଶ
+ ቀ଺

ଷ
ቁ

ଷ
− ଶ଴

ଶ
      hence  ݑ = √108 +

10 ,  and  ݒ = √108 − 10 . 

 

The root given in the Ars Magna is then 

X = ට√108 + 10
య

− ට√108 − 10
య

= 2 

But the other two roots that are not given in the Ars Magna would be given by  

X = −1 ± √ିଷ
ଶ

ቀඥ√108 + 10య + ඥ√108 − 10య ቁ = −1 ± 3݅ . 

 

Therefore, when he tried to solve problems about cubic equation he realized that 

he needed expressions of the form  ܽ + ܾ√−1    in order to write down a general 

formula for solving cubic equation. In the 18th century, Leonhard Euler 

introduced the symbol ݅  to denote √−1    for complex unit and he also devised a 

graphical representation of it. 

 

3.2. Quartic equation: 
 In 1545 Cardano published the book entitled The Ars Magna which was 

considered as the beginning of Algebra. Five years before him Lodovico Ferrari 

discovered formula to solve quartic equation , and about the same time Rene 

Descartes  also found the   similar formula for solving the quartic equation. 
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3.2.1. Ferrari's solution to the quartic equation (as in the Ars Magna): 
The general form of quartic equation 

ସݕ + ଷݕܣ + ଶݕܤ + ݕܥ + ܦ = 0 

can be reduced to simpler form 

Xସ + aXଶ + bX + c = 0                                                                  (1) 

by using the substitution   ݕ = ܺ − ஺
ସ 

 .  So, for solving any quartic equation it is 

enough to consider those of the form (1) (i.e. without the cube term). 

For solving equation (1), first rewrite it as: 

ܺସ + ܽܺଶ = −ܾܺ − ܿ 

Add  ܽܺଶ + ܽ to both sides in order to get a perfect square 

 ܺସ + 2ܽܺଶ + ܽଶ = ܽܺଶ − ܾܺ + ܽଶ − ܿ. 

So    (Xଶ + a)ଶ = aXଶ − bX + aଶ − c .                                      (2) 

Note that  (Xଶ + a + z)ଶ = Xସ + 2aXଶ + aଶ + 2Xଶz + 2az + zଶ.                              

To balance out we will add  2Xଶz + 2az + zଶ to the RHS of (2). Our goal is to 

write the RHS as a perfect square too. Thus 

(ܺଶ + ܽ + ଶ(ݖ = (ܽܺଶ − ܾܺ + ܽଶ − ܿ) + 2ܺଶݖ + ݖ2ܽ +  ଶݖ

Now, grouping the corresponding terms on the RHS gives 

  (Xଶ + a + z)ଶ = (2z + a)Xଶ − bX + (aଶ − c + 2az + zଶ)                     (3)                                 

Next, we can try to choose z  so that the RHS of equation (3) is a perfect square. 

Then RHS of equation (3) has to be of the following form 

ቀ൫√2z + a൯X ± √aଶ − c + 2az + zଶቁ
ଶ
                                      (*) 

Expanding    (i.e. squaring    ) shows that the RHS should be of the form 

    (2z + a)Xଶ ± ൫2√2z + a√aଶ − c + 2az + zଶ൯X + (aଶ − c + 2az + zଶ)  (**) 

Equating RHS of equation (3) and (**) will give 

    −b = ±2√2z + a√aଶ − c + 2az + zଶ                                                                    

(4) 
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Squaring both sides, we get 

ܾଶ = ݖ2)4 + ܽ)(ܽଶ − ܿ + ݖ2ܽ +  (ଶݖ

Regrouping, this gives 

ݖ2)4 + ܽ)(ܽଶ − ܿ + ݖ2ܽ + (ଶݖ − ܾଶ = 0                                 (5) 

Solving a cubic equation in  ݖ  (equation (5)) will force the RHS of equation (3) to 

be a perfect square. Then we can use methods from the Ars Magna for solving 

cubic equations to find roots, and can write equation (3) as: 

   (Xଶ + a + z)ଶ = ቀ൫√2z + a൯X ± √aଶ − c + 2az + zଶቁ
ଶ
                    (6) 

Then we take a square root of equation (6) and we get: 

   (Xଶ + a + z) = ± ቀ൫√2z + a൯X ± √aଶ − c + 2az + zଶቁ                    (7) 

At the end we can use quadratic formula to get four solutions to the original 

quartic equation. 

 

3.2.2. Example given in Ars Magna: Find the roots of equation  ܺସ − 12ܺ + 3 =

0 , for which ܽ = 0 , ܾ = −12  and   ܿ = 3 . 

By using equation (5) we can get the cubic equation in  ݖ 

0 = ݖ2)4 + 0)(0ଶ − 3 + (ଶݖ − (−12)ଶ 

0 = 3−)ݖ8 + (ଶݖ − 144 

0 = ଷݖ8 − ݖ24 − 144 

When we use the Tartaglia’s method, we get ݖ = 3 as the root of the above cubic 

equation. From equation (4) we get: 

−ܾ = ±2√2 ∗ 3 + 0 ඥ0 − 3 + 0 + (3)ଶ = ±2√6√6 = ±12 

Since  – ܾ = 12 , the sign in equation (6) is should be plus. For solving the 

original quartic, we apply this to the equation (7)  

  (ܺଶ + 0 + 3) = ± ൬൫√2 ∗ 3 + 0൯ܺ ± ඥ0ଶ − 3 + 2 ∗ 0 ∗ 3 + (3)ଶ൰ 
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                        = ±൫√6 ܺ + √−3 + 9൯ 

Therefore ܺଶ + 3 = ±൫√6ܺ + √6൯ 

By using quadratic formula we get:  

ܺ = √଺±ඥସ√଺ି଺
ଶ

    or   ܺ = ି√଺±ඥସ√଺ି଺
ଶ

 

Ferrari did not write the last to solutions which are not real numbers, because the 

complex numbers were not discovered until the 17th century, and as we said 

before they were discovered by Leonhard Euler. 

 

3.2.3. Ferrari’s Method In modern notation: 
The general form for quartic equation is  

ସݔܽ   + ଷݔܾ + ଶݔܿ + ݔ݀ + ݁ = 0, where ܽ ≠ 0                             (1) 

 If ܽ ≠ 1 we divide, we simplify the given equation by dividing (ܾ, ܿ, ݀ and ݁) 

by ܽ. Our resulting equation is: 

                                   ܺସ + ௕
௔

ܺଷ + ௖
௔

ଶݔ + ௗ
௔

ܺ + ௘
௔

= 0                  (2) 

Now we define some variables that are needed to solve equation (2) (quartic 

equation) 

     ݂ = ܿ − ቀଷ
଼

ܾଶቁ 

    ݃ = ݀ + ቀଵ
଼

ܾଷቁ − ቀଵ
ଶ

ܾܿቁ 

    ℎ = ݁ − ቀ ଷ
ଶହ଺

ܾସቁ + ቀ ଵ
ଵ଺

ܾଶܿቁ − ቀଵ
ସ

ܾ݀ቁ 

  We put the numbers ݂, ݃ and ℎ into the following cubic equation: 

    ܺଷ + ቀଵ
ଶ

݂ቁ ܺଶ + ቀ௙మିସ௛
ଵ଺

ቁ ܺ − ቀ ଵ
଺ସ

݃ଶቁ = 0                                    (3) 

  We evaluate the  ܽ, ܾ, ܿ  and  ݀  coefficients for solving equation (3)   

   ܾ = ଵ
ଶ

݂, ܿ = ௙మିସ௛
ଵ଺

  and  ݀ = ି௚మ

଺ସ
 

  Then we solve the following cubic equation by finding the roots: 
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       ܺଷ + ܾܺଶ + ܿܺ + ݀ = 0                                                         (4) 

  For getting three roots of equation (4) we can use Tartaglia’s method (or a 

simpler method if possible). 

  Let ݌ and ݍ be the square roots of any two non-zero roots ( ଵܺ, ܺଶ  and ܺଷ) 

  Let ݎ = ି௚
଼௣௤

  and  ݏ = ௕
ସ௔

 

  Now we have everything which can help us solve quartic equation and find four 

roots: 

           ଵܺ = ݌ + ݍ + ݎ −  ݏ

          ܺଶ = ݌ − ݍ − ݎ −  ݏ

          ܺଷ = ݌− + ݍ − ݎ −  ݏ

         ܺସ = ݌− − ݍ + ݎ −  ݏ

 

3.2.4. Example: 3ܺସ + 6ܺଷ − 123ܺଶ − 126ܺ + 1080 = 0  (ܽ ≠ 1) 

  We simplify the above equation by dividing all terms by  ܽ.  Because 3 ≠ 1, the 

equation becomes: 

                  ܺସ + 2ܺଷ − 41ܺଶ − 42ܺ + 360 = 0 

Where ܽ = 1, ܾ = 2, ܿ = −41, ݀ = −42   and   ݁ = 360 

Next let us compute the variables needed to solve equation (1) : 

݂ = ܿ − ൬
3
8 ܾଶ൰ = −41 − ൬

3
8 × (2)ଶ൰ = −42.5 

݃ = ݀ + ቀଵ
଼

ܾଷቁ − ቀଵ
ଶ

ܾܿቁ= ݀ + ቀଵ
଼

× (2)ଷቁ − ቀଵ
ଶ

× 2 × −41ቁ 

    = −42 + ቀ଼
଼
ቁ − ቀଵ

ଶ
× −82ቁ = 0 

ℎ = ݁ − ൬
3

256 ܾସ൰ + ൬
1

16 ܾଶܿ൰ − ൬
1
4 ܾ݀൰ 

   = ݁ − ቀ ଷ
ଶହ଺

× (2)ସቁ + ቀ ଵ
ଵ଺

× (2ଶ) × −41ቁ − ቀଵ
ସ

× 2 × −42ቁ 

  = ቀ ଷ
ଶହ଺

× 16ቁ + ቀ ଵ
ଵ଺

× 4 × −41ቁ − ቀଵ
ସ

× 2 × −42ቁ 
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 = 360 − 0.1875 − 10.25 + 21 = 370.56 

We substitute the numbers ݂, ݃  and ℎ into the following cubic equation: 

ܺଷ + ൬
1
2 ݂൰ ܺଶ + ቆ

݂ଶ − 4ℎ
16 ቇ ܺ + ൬

1
64 ݃ଶ൰ = 0                      

ܺଷ + ൬
1
2 × −42.5൰ ܺଶ + ቆ

(−42.5)ଶ − 4 × 370.5625
16 ቇ ܺ + ൬

1
64 × (0)ଶ൰ = 0 

ܺଷ − 21.25ܺଶ + 20.25ܺ = 0 

we can solve the above equation by taking  ܺ as a common factor: 

ܺ(ܺଶ − 21.25ܺ + 20.25) = 0 

Then the first root ଵܺ = 0 and by using quadratic formula on the last quadratic 

equation we can find the second and the third root to the cubic equation: 

ܺଷ − 21.25ܺଶ + 20.25ܺ = 0 

Then     ݔ =
21.25 ± ඥ(−21.25)ଶ − 4 × 1 × 20.25

2 × 1 =
21.25 ± √451.5625 − 81

2  

∴  ܺଶ = ଶଵ.ଶହାଵଽ.ଶହ
ଶ

= 20.25  and   ܺଷ = ଶଵ.ଶହିଵଽ.ଶହ
ଶ

= ଶ
ଶ

= 1 

Let p and q be the square roots of non-zero roots ( ଵܺ, ܺଶ  ݎ݋  ܺଷ) 

݌  = √1 = 1 

ݍ  = √20.25 = 4.5 

ݎ = ି௚
଼௣௤

= ଴
଼×ଵ×ସ.ହ

= 0  

ݏ  = ௕
ସ௔

= ଺
ସ×ଷ

= 0.5 

Then the solutions of the quartic equation are: 

ଵܺ = ܲ + ݍ + ݎ − ݏ = 1 + 4.5 + 0 − 0.5 = 5 

ܺଶ = ܲ − ݍ − ݎ − ݏ = 1 − 4.5 − 0 − 0.5 = 3 

ܺଷ = −ܲ + ݍ − ݎ − ݏ = −1 + 4.5 − 0 − 0.5 = −4 

ܺଷ = −ܲ + ݍ + ݎ − ݏ = −1 − 4.5 + 0 − 0.5 = −6 
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3.4. Quintic equation: 
In the previous sections, we have seen how it is possible to solve cubic and 

quartic equations using only the four basic operations (+, −,×,÷) and taking roots 

of numbers (i.e. √೙ ). Equations that can be solved using these operations are 

called solvable by radicals. 

The important question that arises is: can we solve quintic equation by 

using radicals too. 

Unlike the equations of degree smaller than five, the quintic equation cannot be 

solved by radicals. 

This fact was not clear and was not known until the beginning of 

19thcentury. Norwegian mathematician Niles Henrik Abel introduced one of the 

most profound impossibility theorems, the Abel and Ruffini theorem also known 

as the Abel impossibility Theorem. It states that there is no general algebraic 

solution to the equations of degree ݊ ≥ 5  in radicals.  

When he started working on quintic equation he was very young, aged 

only 19 (about 1821), but this work was finished in 1824. However, sadly, he died 

in 1829, when he was only 26 years old, of tuberculosis and malnutrition. 

However after his death his work was published in 1830. 

Abel was not the only mathematician who worked on quintic equation. In 

that period also French mathematician Everiste Galois, by his inimitable genius, 

find method to determine if the equation could be solved by radicals or no, by 

using sophisticated techniques which led to the founding of the group theory and 

Galois theory. But the proof of this theorem was published in 1846, after he died 

in 1832 in duel. One day before he died he felt that his death became imminent, 

and therefore he spent the whole night writing letters to one of his friends, which 

was in mathematics, and in which he outlined his ideas, and he asked him to 

publish them in the "Encyclopedic Journal".  
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Sadly, most of his work remained mysterious and incomprehensible for a 

long time because he did not find enough time to write in detail about all his 

achievements in letters to his friend at the night of his death.  

In fact his life was very miserable, starting from the sudden death of his 

father, disregard of his works by mathematicians to his death at very young age, 

when he was only 21 years old. 

So how we can solve the equations when ݊ ≥ 5 if we cannot by using 

radicals? 

Although there are specific cases of quantic equation (or general ≥ 5 ) that 

may be solved by radicals for example: ݔହ − ସݔ − ݔ + 1 = 0 can be solved by 

factorizing and written as (ݔଶ + ݔ)(1 + ݔ)(1 − 1)ଶ or  ݔହ − 3 , which has √3ఱ   as 

a solution or ݔହ − ଶݔ)ଷݔ ଷ as a common factor we getݔ  ଷ by takingݔ − 1) =

ݔ)ଷݔ − ݔ)(1 + 1). However, the easiest way to solve equation when  ݊ ≥ 5 is by 

using Numerical methods. 

 

4. Geometric constructions: 
4.1. Three famous problems with straightedge and compass constructions: 

In this section we will give a short explanation about geometric 

constructions in order to clarify for students three famous problems, unsolvable by 

using straightedge and compass. These problems have captivated the minds of 

many mathematicians since the 

ancient times. The three problems are: Squaring of a Circle, Trisecting the 

Angle and Doubling of a Cube. 

 

 

Figure 2: squaring a circle,      
Taken from [35] 

Figure 3: Trisecting the 
angle, Taken from [35]  

Figure 4: Doubling of a 
cube, Taken from [35]  
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  These three constrictions are impossible to do using straightedge and 

compass, which was shown using polynomial equations. If a construction can be 

done, then the coordinates of the constructed point can be expressed using four 

basic operations (+, −,×,÷) and taking square roots. 

1) Squaring the circle:  This is a problem suggested by ancient mathematician. 

In other words, squaring of a circle means constructing a square that has the 

same area as a circle by using only finite number of steps with compass and 

straightedge. This is impossible. For this reason the expression "squaring the 

circle" is used to mean “doing the impossible”; in 1882 Lindemann proved 

that squaring of a circle was impossible in Lindemann –Weierstrass theorem, 

which proves that   ߨ = 3.1415 ⋯ is a transcendental number (not algebraic, 

and hence not constructible). 

2) Angle Trisection: Anacient Greeks were trying to find a way to divide an 

angle into three equal parts. They were not able to do this using straighedge 

and compass. Using theory of polynomial equations it was shown that this is 

not possible. 
3) Doubling the Cube: This problem has three different names such as 

"Doubling the cube", "duplicating the cube" and "Delian problem". This 

problem asks that if you have a cube of some side length L and volume 

ܸ =  ଷ to construct a new cube, larger than the first, with volume 2ܸ, i.e. theܮ

side length L× √2య .   The problem of doubling the cube is impossible to 

resolve by compass and straightedge, since  √2  య   is not a constructible 

number. 

4.2. Constructing Regular polygons with straightedge and compass: 
Another important topic related to geometric constrictions are the regular 

polygons. The question here is if it is possible to construct all regular n-gons by 

using only straightedge and compass. The answer is that some regular polygons 
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are easy to constrict using only straightedge and compass; others are impossible. 

In 1799 Carl Friedrich Gauss managed to find sufficient condition for 

constructability of regular polygons: “A regular n-gon can be constructed using 

only ruler and compass if n is the product of a power of 2 and any number of 

distinct Fermat primes” but a full proof with sufficient and necessary condition 

was given by Pierre Wantzel in 1837.The result is known as the Gauss-Wantzel 

theorem.  
Gauss-Wantzel theorem states: “A regular n-gon is constructible using 

only ruler and compass if and only if ݊ = 2௞
ଵܲ ଶܲ ⋯ ௧ܲ where ݇ and ݐ ∈ ܰ ∪

{0}  and each ௜ܲ is a (distinct) Fermat Prime. By Gauss’ Theorem, and the list of 

the first five known Fermat Prime numbers, we can list all constructible regular n-

gons with  3 ≤ ݊ ≤ 200: we have that the regular n-gon is constructible if and 

only if n can be written as a product: ݊ = 2௞3௔5௕17௖ with ݇ ≥ 0, ܽ = 0,1, ܾ =

0,1 and ܿ = 0,1. Consequently, n is one of the following numbers:  

3,4, 5,6 ,8, 10, 12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 64, 68, 80, 85, 96, 102, 120,  

128, 136, 160, 170, 192. 

݊ = 3                        ݊ = 4                         ݊ = 5                        ݊ = 6 

 

 

 

 regular hexagon     ݊݋݃ܽݐ݊݁݌ ݎ݈ܽݑ݃݁ݎ        ݁ݎܽݑݍݏ      ݈݁݃݊ܽ݅ݎݐ ݈ܽݎ݁ݐ݈ܽ݅ݑݍ݁ 

             

 

5. Modern research: 
Polynomial equations are still subject of modern research, especially in 

relation to numerical methods (see [16]). For instance, Steve Smale, a Fields 

medal winner, asked in his paper (see [17]) about solving equations using 

Figure 1 : Examples of Regular 
Polygon 
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generally convergent purely iterative algorithms, which generalize solving 

equations by radicals to complex dynamics and this was answered by another 

Fields medalist, Curt McMullen with Peter Doyle in ([16]) showing that quintic 

equation can be solved in this way. Also, the Abel-Ruffini theorem, which shows 

that there is no solution of a general polynomial equation of degree greater than 

five, is still subject of current research; for instance, in [27] a new proof was 

given, using methods from Topology. 

Students can be told that that mathematics is an active area of research and 

that mathematicians are still working on problems related to polynomial 

equations. Also,       a teacher can mention Fields medal, a highest prize for 

mathematicians, when talking about modern research.  

 

6. Conclusion: 
In this paper we explain the solution of cubic and quartic equations (with 

exciting about history of their discovery). We also review modern research about 

this topic. All these stories can be useful for teaching mathematics in many ways. 

For instance students can learn that not all problems need to have a 

solution. For example squaring a circle, trisection of an angle or solving quintic 

equation by radicals cannot be done. Students often think that in mathematics all 

problems are necessarily solvable and it is important for them to understand that is 

not always the case. 

Inspiration and beauty are important aspect of mathematics. Often in 

teaching not enough attention is given to inspiring students, which these topics 

can do. History of mathematics has many inspirational stories, that can help 

motivate students. In the case of the history of solving cubic and quartic 

equations, there are also a lot of Arabic mathematicians that can serve as Role 

Models for students in Lybia. 
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Students can also learn that many topics in mathematics are interrelated. 

Solving polynomial equation is a good example of this, because it connects 

algebra, geometry constructions, complex numbers, number theory, numerical 

analysis, group theory. Moreover, these topics are close to what students already 

learn in high school. 

These topics are also source of good material for gifted students. They can 

be introduced to a lot of advanced mathematics in an interesting and accessible 

way. Work with gifted students is an important issue in mathematical education, 

and perhaps more can be done to address this group of students in Libya.  

All these information of course is helpful for teachers when teaching and 

for students to understand Mathematics, not only in high school but in university 

also. 
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