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Abstract:

In this paper, we will prove the unique global solution for the
Euler-stratified system with bounded vorticity in the LBMO spaces.

Keywords : Euler stratified system, LBMO spaces, initial data of
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1. Introduction.
Euler stratified (also nameed, Euler Boussinesq) equations for the
incompressible fluid flows in R? is of the form
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0:v+v.Vv + Vp = Oe,,
(1.1) 0.0 +v.V0 — AG = 0,
divv=0, (v,0)|=0 = (vo,00),
where v = (v3,v,),v; = vj(x,t), j = 1,2, (x,t) € R*x [0, 0]
is the velocity field, p = p(x, t) is the scalar pressure, the function @ 1is
the scalar temperature and e, = (0,1). Note that the system (1.1)
coincides with the classical incompressible Euler equations when the
initial temperature 8 is identically constant. Recall that Euler system is

given by,
0v+v.Vv+Vp =0,
(1.2) divv =0,
V=0 = Vo

The question of local well-posedness of (1.2) with smooth data
was resolved by many authors in different spaces, see for example [6,7].
In this context, the vorticity w = curl v play a fundamental role. In fact,
the well-known BKM criterion [4] ensures that the development of finite
time singularities for these solutions is related by the blow-up of the L®
norm of the vorticity near the maximal time existence. A direct
consequence of this result is the global well-posedness of the two-
dimensional Euler solutions with smooth initial data, since the vorticity
satisfies the equation.

Jiw +v.Vw = 0,

and then all the LP norms are conserved. The global well posedness
result for the system (1.2), was proved in different spaces and we focus
on the paper of Bernicot and keraani in [1], where the authors proved a
similar result in the LBMO spaces.
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We turn now to the system (1.1) and note that the global well-
posedness result for this system was solved by many authors and in a
different functional spaces, see for instance [2,5].

In this paper, we extend a global well-posedness result for the
system (1.1) with bounded vorticity in the LBMO spaces and we will use
the same approach of [1]. Our main result is the following.

Theorem 1.1 Assume p € ]1,2[. Let v, be a divergence-free
vector field of vorticity w, € LP N LBMO and let 8, € L? a real-valued
function. Then there exists a unique global weak solution (v,68) of the
system (1.1). Moreover, there exists a constant C, depending only on the
L? N LBMO norm of w, and the L* norm of 6, such that

(1.3) e oo e Nl paLemo < CoeCot.
The vorticity for the system (1.1) satisfies the equation
Jiw +v.Vw = 040,
{ate +v.VO — A6 =0
Taking the L? scalar product, we get successively

t
lw@ll2 < llwoll2 + fllale(T)llLZdT'
0

and

16Ol + VO Iz = 1160l 2
We use to prove (1.3)a logarithmic estimate in the space LP N

LBMO see Theorem 2 in [1], that we recall in section 3 (Theorem 3.2 in
this paper).

The paper is organized as follows. In section 2, we recall some
functional spaces. Section 3 is devoted to recall some properties of the
LBMO spaces and in section 4, we prove our Theorem 1.1.
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2. Functional spaces
In this preliminary section, we are going to recall some functional

spaces.
Definition 2.1 We define the space LL by the space of the set of
bounded vector fields v such that
0l = supeay Tt VN ____
|x = y|(1 + [In(lx = yD)

Definition 2.2 For every homeomorphism 1, we set

1Yl = supyzy PP x) =), [x — yI)
where @ is defined on ]0, o[ X ]0, oo[ by

1+ |Ins| 1+ |Inr| 1 ) .
ors) =] "It Trms) 7792
(1+nsD@+Inr), if @A-s)A-7r)<0.

Since @ is symmetric, then ||®|, = |7}, = 1. It is clear also

that every homeomorphism @ satisfying

1
clx =y < ) - POl < Clx - yl?,

for some a, 8,C > 0 has its ||y ||, finite.
The following proposition was proved in [1].

Proposition 2.3 Let v be a smooth divergence-free vector fields
and 1 its flow;
{atlp(t' x) = v(t, (¢, x))
Y(0,x) = x.

Then for every t = 0 we have
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t
1, )ll. < exp f (@l dr
0

3. The LBMO space

In this section, we will state some properties of the LBMO spaces.
We first give the following which its proof can be found in [1].

Proposition 3.1 The following properties hold true :

(1) The space LBMO is a Banach space included in BMO and
strictly containing L* (R?).
(2)For every g € C3(R?) and f € LBMO, we have
Ng * fllLemo < gl llf lLemo-

The following theorem is the main ingredient for proving Theorem
1.1, see [1] for a proof.

Theorem 3.2 There exists a universal constant C > 0 such that,

If e ¥llemonry < CIn(l + [[PIDIfllLeMonce
for any Lebesgue measure preserving homeomorphism .

4. Proof of Theorem 1.1

The proof of Theorem 1.1 can be divisid in three steps. In the first
step, we will prove some a priori estimates which the main ingredient for
the proof of our main result. The second and the third steps deal with the
existence and the uniqueness for the solutions. We only prove the first
step and the second and the third steps are standard, see
[1], [3],[6], [8],[9] and [10].

4.1 A priori estimates. We will prove the following proposition.

Proposition 4.1
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Let (v, 0) be a smooth solution of the system (1.1) with vorticity
w. Then there exists a constant C, depending only on the norm LP N
LBMO of w, and the L? norm of 8, such that

vl + Nlo®llparemo < Coe® L.

Proof. We have w(t,x) = wo(P;1(x)), where 1, is the flow
associated to the velocity v. Since v is smooth then 1,0;—” is Lipschitzian
for every t = 0. This implies in particular that

||1pfl||*is finite for every t = 0. By applying Theorem 3.2 and

Proposition 2.3 yield together
lw(®lLamo < CllwollLemonrIn(1 + [z I

t
< CllwollusmonzrIn(L + exp( f v (@)ll,Ldo))
0

t
<(Cy| 1 +f||v(r)||LLdT )
0

On the other hand, we have from [3], that

vl < lo®ll2 + llw(@®)lgg, o e vee voee - (4:1)
To estimate ||w(t)]|;2, we use first the equation of w :
oiw +v.Vw = 0,6, w(t =0) =w,

Then we have
lo@®ll2 < llwollz + IVOIl22 ... ... (4.2)
what remains then is to estimate ||V6|| 112 For this purpose, we
take the scalar product of the second equation of (1.1) with 8 in L?space.

Then the incompressibility condition div v = 0 leads to the following
energy estimate :
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1d 5 )
Ea”@(t)” 2+ 2||VO|l;z = 0.
Then
d 5 )
N8O + 4IVO®)I1% = 0.
Integrating in time this last differential equation, we get
16O Z + 4119012,z = 160l %
Therefore,
||V9||5%L2 < 116l iz-
This implies that
IVOIl1.2 = 16oll 2
This gives in (4.2) that
lw@®ll2 S llwollz + 18]l 2

Plugging this last estimate in (4.1) and using the embedding
BMO < Bgo,oo, we obtain

vl < Clwollz + 1160l 2 + lw(®llzmo

t
<(Cy| 1 +f||v(r)||LL dr.
0

Gronwall's lemma gives that

lv ()l < Coetol.
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